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a b s t r a c t
This paper deals with a congestion control framework for elastic and real-time trafﬁc,
where the user’s application is associated with a utility function. We allow users to have
concave as well as non-concave utility functions, and aim at allocating bandwidth such
that utility values are shared fairly. To achieve this, we transform all utilities into strictly
concave second order utilities and interpret the resource allocation problem as the global
optimization problem of maximizing aggregate second order utility. We propose a new
fairness criterion, utility proportional fairness, which is characterized by the unique solution
to this problem. Our fairness criterion incorporates utility max–min fairness as a limiting
case. Based on our analysis, we obtain congestion control laws at links and sources that
(i) are linearly stable regardless of the network topology, provided that a bound on
round-trip-times is known, (ii) provide a utility proportional fair resource allocation in
equilibrium. We further investigate the efﬁciency of utility fair resource allocations. Our
measure of efﬁciency is deﬁned as the worst case ratio of the total utility of a utility proportional fair rate vector and the maximum possible total utility. We present a generic
technique, which allows to obtain upper bounds on the efﬁciency loss. For special cases,
such as linear and concave utility functions, and non-concave utility functions with
bounded domain, we explicitly calculate such upper bounds. Then, we study utility fair
resource allocations with respect to bandwidth fairness. We derive a fairness metric
assessing the aggressiveness of utility functions. This allows us to design fair utility functions for various applications. Finally, we simulate the proposed algorithms using the NS2
simulator.
Ó 2008 Elsevier B.V. All rights reserved.

1. Introduction
In the last years, congestion control of communication
networks has been interpreted as a distributed algorithm
at sources and links in order to solve a global optimization
problem [1–4]. Each user is associated with an increasing,
strictly concave bandwidth utility function representing
elastic trafﬁc. The congestion control algorithms aim at
maximizing aggregate utility subject to capacity constraints on the links. The solution to this problem is derived by decomposing the overall problem into
subproblems that can be solved by links and sources using
only local information. The links communicate a price
* Corresponding author. Tel.: +49 30 206187917.
E-mail address: harks@math.tu-berlin.de (T. Harks).
1389-1286/$ - see front matter Ó 2008 Elsevier B.V. All rights reserved.
doi:10.1016/j.comnet.2008.06.013

based on usage measurements; the source collects the
aggregate price on its path and adapts its sending rate in
order to maximize its surplus.
Even though considerable progress has been made in
this direction, the existing work focuses only on elastic
trafﬁc, such as ﬁle transfer (FTP, HTTP) or electronic mail
(SMTP). As shown in [5], some applications, especially
real-time applications, have non-concave bandwidth
utility functions. It is known, however, that the afore mentioned distributed algorithms do not maximize non-concave aggregate utility in general, see for instance Lee
et al. [6]. Furthermore, it is easy to construct non-concave
instances, where a system optimal solution distributes
bandwidth such that only a few applications share the
available bandwidth, while the rest receives zero utility
(bandwidth).
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In this regard, several works (among others Sarkar and
Tassiulas [7], Cao and Zegura [8], and Liao and Campbell
[9]) argue that it is an application performance measure,
i.e., the utility that should be shared fairly among users.
A user running an application does not care about any fair
bandwidth shares as long as his application performs satisfactory. To illustrate this paradigm, let us consider a single
link of capacity c shared by two users. One user transfers
data according to an elastic application with strictly
increasing, and concave bandwidth utility U 1 ðÞ. The other
user transfers real-time video data with a non-concave
bandwidth utility function U 2 ðÞ (steps represent encoding
layers).
Fig. 1 shows, how different bandwidth allocations affect
the received utility. If bandwidth is shared equally, which
corresponds to a max–min fair bandwidth allocation, user
1 receives a much larger utility than user 2. In fact, user 2
would receive a utility value of zero, that is, the minimum
encoding rate is not achieved. If we want to share utility
equally instead of bandwidth, we would like to have a resource allocation, where the received utilities are equal or
utility max–min fair, i.e., U 1 ðx1 Þ ¼ U 2 ðx2 Þ ¼ u .
There are several challenges in designing utility fair
congestion control algorithms that have not been fully
solved so far. Is it possible to design distributed and stable
algorithms converging to some utility fair operating point
under relaxed assumptions on utility functions? Can we
characterize the efﬁciency of utility fair rate allocations
in terms of system utility? Can we design utility functions
such that the resulting rate allocations are bandwidth fair
in the long term? After reviewing the related work, we outline our contributions, which partially answer these
questions.
1.1. Related work
The existing work on congestion control algorithms
using the utility framework is focused on elastic trafﬁc
such as TCP. Congestion control mechanisms are regarded
as a distributed algorithm carried out by sources and links
in order to solve a global optimization problem, see [1–4]
or the book of Srikant [10] and references therein. The
objective is to maximize aggregate source utility over
transmission rates subject to capacity constraints:

max
xs 2X s

X
s2S

U s ðxs Þ s:t:

X

xs 6 cl ; l 2 L:

ð1Þ

s2SðlÞ

Fig. 1. Utility functions with U 1 ðxÞ < U 2 ðxÞ; x 2 ½0; c. The rate allocation
y1 ¼ y2 ¼ x is max–min fair, whereas the rate allocation x1 and x2 are
utility max–min fair.

Source rates xs can be interpreted as primal variables, congestion measures pl as dual variables. Using the dual approach, a gradient projection method to generate optimal
prices is applied to the dual objective function, see [1]:

(1
p_ l ¼

cl
1
cl

ðyl  cl Þ;

if pl > 0;

ð2Þ

þ

½yl  cl  ; if pl ¼ 0;

where yl denotes the aggregate sending rate on link l. In
[11], it is shown that if the utility functions are strictly concave (2), combined with the dynamic source law







ss n_ s ¼ bs U 0s ðxs Þ  qs ; xs ¼ xmax
exp ns 
s



as qs
:
M s ss

ð3Þ


converges to the unique optimal solution xs ¼ U 01
s ðqs Þ
starting from any initial condition (M s is an upper bound
on the number of bottlenecks, as and bs are positive parameters). Furthermore, this approach has the appealing property that the equilibrium is locally stable within given
delay bounds [12]. Following [4], we can associate a class
of concave utility functions with corresponding bandwidth
fairness-criteria as follows:

(
U s ðxs ; gs Þ ¼

ws

x1s gs
1gs

; gs > 0; gs 6¼ 1;

ws logðxs Þ; gs ¼ 1:

ð4Þ

Here, the values ws are ﬁxed arbitrary nonnegative values.
Then, in the case gs ¼ 1, we have weighted proportional fairness [2]. In the case gs ¼ 2, we have minimum potential delay fairness, and for gs ! 1, we have max–min fairness.
Another line of research focuses on utility functions that
are not necessarily strictly concave. As illustrated in Fig. 1
utilities describing real-time trafﬁc are in general non-concave. We can classify the work in this area into two
categories:
(i) approaches that aim at maximizing aggregate (nonconcave) utility subject to capacity constraints: due
to the possible duality gap of this type of problem,
stable decentralized algorithms can be derived only
in special cases. Lee, Mazumdar and Shroff showed
in [6] that the canonical distributed algorithms (3)
and (2) may fail to converge to a feasible rate allocation and may lead to instability and congestion. To
overcome these problems they proposed a ‘self regulating’ heuristic for the special type of sigmoidal
utilities in combination with a sub-gradient method
to generate prices. Chiang, Zhang and Hande [13]
examined the conditions under which the canonical
algorithms still converge to the globally optimal rate
despite the non-concavity of utility functions. Fazel
and Chiang [14] presented heuristics to maximize
non-concave utility based on the sum of squares
method. Their heuristics, however, provide no quality guarantee in the worst case.
(ii) approaches that are concerned with a different
fairness deﬁnition rather than maximizing aggregate
utility: an equilibrium point should result in
roughly equal utility values for different applications
[7–9,15]. In [7], only mild assumptions on the feasible utility functions are required (non-decreasing,
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not necessarily continuous, min. bandwidth exists
for a given utility value). The drawbacks of this
approach are that the links have to maintain perﬂow states in order to allocate bandwidth utility fair,
and that there are no stability results given in the
presence of communication delay. Cao and Zegura
presented in [8] a link algorithm that achieves a utility max–min fair bandwidth allocation, where for
each link the utility functions of all ﬂows sharing
that link is maintained. Hyang and Song [16] and
Cho and Song [17] presented distributed algorithms
without per-ﬂow states that converge to a utility
max–min fair operating point. However, they proved
stability under bounded communication delay only
in the single link case. More recently, based on the
work of Zhang et al. [18], Miller and Harks [19] presented distributed utility max–min fair algorithms
that are locally stable in the presence of time-varying delays.
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ness metric, we are able to design normalized utility functions with equal expected bandwidth shares.
Most of the results of this paper have previously been
published by Harks [15] and Harks and Poschwatta [23].
1.3. Paper organization
The rest of the paper is organized as follows. In Section
2, we introduce the basic model and our congestion control
framework. Then, in Section 3, we deﬁne our new fairness
criterion, which we term utility proportional fairness. We
show that our algorithms achieve utility max–min fairness
for the entire network as a limiting case. In Section 4, we
study the efﬁciency of utility proportional fair resource
allocations with respect to maximum possible total utility.
We derive in Section 5 a fairness measure for bandwidth
utilities that allows to assess the aggressiveness of different utilities and serves as a design framework for fair utility functions. Finally, we evaluate the derived congestion
control algorithms via simulations in Section 6.

1.2. Our contribution
2. Transformation and convex optimization
First, we align the convex optimization framework with
the utility fairness approach. We achieve this by transforming all (possibly non-concave) utility functions into
strictly concave second order utility functions. Then, analogous to (1), we interpret an operating point as the solution
to maximizing second order utility subject to capacity constraints. This approach enables us to use scalable, decentralized, and stable congestion control algorithms in the
line of [1,3,12]. Yet, we relax the concavity assumption
on the bandwidth utilities, and achieve utility fairness in
equilibrium. We further deﬁne a new fairness criterion,
utility proportional fairness that includes utility max–min
as a limiting case. We emphasize that the distributed algorithms do not need any per-ﬂow information at the links,
and are locally stable regardless of the network topology
provided a bound on the round-trip-time is known. The
feedback from links to sources only relies on the communication of Lagrange multipliers, called shadow prices, from
the links to the sources. This can be achieved by an active
queue management (AQM) scheme using explicit congestion notiﬁcation (ECN) [20].
Second, we investigate the efﬁciency of utility fair resource allocations. Our measure of efﬁciency (termed price
of fairness) is deﬁned as the worst case ratio of the total
utility of a utility proportional fair rate vector and the maximum possible total utility. We present a generic technique
to obtain upper bounds on the price of fairness. For special
cases, such as linear and concave utility functions, and
non-concave utility functions with bounded domain, we
explicitly calculate upper and lower bounds.
Third, we study utility fair resource allocations with respect to bandwidth fairness. In general, the resulting bandwidth allocation of a utility fair operating point strongly
depends on the bandwidth utility functions that are used.
In the existing literature on utility fair networks, e.g. [7–
9,16,21,22], a fairness metric for utility functions is missing. We address this issue by deﬁning a fairness measure
for bandwidth utility functions. Based on the induced fair-

We model a capacitated packet switched network
N ¼ ðV; L; cÞ by a set of nodes (routers) V connected by a
set L of unidirectional links (output ports) with ﬁnite capacities ~
c ¼ ðcl ; l 2 LÞ. The set of links is shared by a set S of
sources indexed by s. A source s represents an end-to-end
connection and its route involves a subset LðsÞ  L of links.
Equivalently, each link l is used by a subset SðlÞ  S of
sources. For notational convenience we sometimes use R
to denote the routing matrix for a given directed network
with a set of sources. The tuple I ¼ ðN; RÞ completely characterizes the underlying network and sources with corresponding routes. We use I to denote a class of tuples I,
where each I 2 I corresponds to a network with a routing
matrix for a given set of sources. As an example of such a
class consider the class I0 of single link networks.
A transmission rate xs ðtÞ 2 X s ¼ ½0; xmax
 in packets per
s
second is associated with each source s. A rate vector
~
xðtÞ ¼ ðxs ðtÞ; s 2 SÞ is said to be feasible if it satisﬁes the conP
ditions: xs ðtÞ 2 X s 8s 2 S and
s2SðlÞ xs ðtÞ 6 c l 8l 2 L. Whenever we refer to a steady state rate vector, we only write
~
x and omit the time dependency. With each link l, a scalar
positive congestion measure pl ðtÞ, called price, is associP
ated. Let yl ðtÞ ¼ s2SðlÞ xs ðt  sfls Þ be the aggregate transmission rate of link l, i.e. the sum of all rates using that link in
which the forward delays sfls between sources and links are
P
accounted for. Let qs ðtÞ ¼ l2LðsÞ pl ðt  sbls Þ be the end-toend congestion measure of source s, where again sbls are
the backward delays from links to sources. The total RTT
is given by ss ¼ sfls þ sbls . If the transmission rate of source
s is xs , source s receives a beneﬁt measured by a continuous, nondecreasing bandwidth utility function U s ðxs Þ. We
~ the vector of utility functions U s ; s 2 S. In the
denote by U
following, we describe a constructive method to transform
possibly non-concave utility functions into appropriate
strictly concave functions, which we term second order utilities. We will deﬁne an equilibrium point as the unique
maximizer of aggregated second order utility. Subse-
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quently, we will show that the resulting resource allocation provides a fair share of an application layer performance measure, i.e. the bandwidth utility to users. In
contrast to [1–3,11,24–27], we do not pose any restrictions
on the bandwidth utility functions, except for monotonicity.

Note that the utility functions for source s is bounded by
the minimum and maximum utility values umin
and umax
.
s
s
Hence, the source rates xs are adjusted according to the
available utility fs ðqs Þ of their used path as follows:


umax
xs ¼ U 1
½fs ðqs Þusmin ;
s
s

2.1. Bandwidth utilities and transformation function
If the transmission rate of user s is xs , user s receives a
beneﬁt measured by the bandwidth utility U s ðxs Þ.
Assumption 1. A bandwidth utility function U s ðxs Þ is
feasible, if it satisﬁes:
(1) U s ðxs Þ P 0;U s ð0Þ ¼: umin
P umin ; U s ðxmax
Þ ¼: umax
6 umax ,
s
s
s
0
0
(2) U s ðxs Þ P c1 > 0; U s ðxs Þ 6 c2 < 1, for nonnegative
constants c1 and c2 , where U 0 ðxÞ is deﬁned as dUðxÞ
.
dx
We denote a class of feasible bandwidth utility functions by U.
Note that we do not rely on concavity.
The ﬁrst monotonicity assumption U 0s ðxs Þ P c1 ensures
the existence
of the inverse function U 1
s ðÞ over the range
 min max
Y s :¼ us ; us
. The second assumption U 0s ðxs Þ 6 c2 < 1
is required to ensure stability of the congestion control
algorithms that are presented in Section 2.3. Before we
present a constructive method to generate second order
utility functions, we brieﬂy restate the overall paradigm.
An optimal operation point or equilibrium should result
in almost equal utility values for different applications.
The exact deﬁnition of the proposed resource allocation,
i.e. utility proportional fair resource allocation, will be given
below. To follow this paradigm, we translate a given congestion level of a path, represented by qs , into an appropriate utility value that the network can offer to source s. We
model this utility value, which we term available utility, as
the transformation of the congestion measure qs by a transformation function fs ðqs Þ. This function is assumed to be
strictly decreasing.
Assumption 2. The transformation function fs ðÞ describing the available utility of a path used by sender s is
assumed to be a continuously differentiable and strictly
decreasing function of the aggregate congestion measure
qs , i.e., fs0 ðqs Þ 6 c3 ; c3 > 0, for all qs P 0 and s 2 S. We
denote by ~
f the vector of transformation functions
fs ðÞ; s 2 S.
The monotonicity assumption is reasonable, since the
more congested a path is, the smaller will be the available
utility for an application. The main idea is that each user s
should send at data rates xs in order to match its own
bandwidth utility with the available utility of its path. This
leads to the following equation:

U s ðxs Þ ¼ ½fs ðqs Þ

umax
s
umin
s

;

s 2 S;

where

8
>
< w; if a 6 w 6 b;
b
½wa :¼ minfmaxfw; ag; bg ¼ a; if w < a;
>
:
b; if w > b:

ð5Þ

s 2 S:

ð6Þ

A source s 2 S reacts to the congestion measure qs in the
following manner: if the congestion measure qs is below
a threshold qs < qmin
:¼ fs1 ðumax
Þ, then the source transs
s
max
mits data at maximum rate xmax
¼ U 1
Þ; if qs is above
s
s ðus
1
min
a threshold qs > qmax
:¼
f
ðu
Þ,
the
source
sends at mins
s
s
min
imum rate 0 ¼ U 1
Þ; if qs is in between these two
s ðus
thresholds qs 2 Q s :¼ ½qmin
; qmax
, the sending rate is
s
s
adapted according to xs ¼ U 1
ðf
ðq
s
s ÞÞ.
s
umax

s
Lemma 1. The function Gs ðqs Þ ¼ U 1
Þ is nonnegs ð½fs ðqs Þumin
s
ative, differentiable, and strictly decreasing, i.e., G0s ðqs Þ < 0, on
the interval qs 2 Q s , and its inverse G1
s ðÞ is well deﬁned on
Xs .

Proof. Since U s ðÞ is nonnegative on X s , the inverse U 1
s ðÞ
is also nonnegative on Y s . Using that fs ðÞ is differentiable
over Q s , and U 1
s ðÞ is differentiable over Y s , the composition Gs ðqs Þ ¼ U 1
s ðfs ðqs ÞÞ is differentiable over Q s . We
compute the derivative using the chain rule: G0s ðqs Þ ¼
0
1
0
U 1
s ðfs ðqs ÞÞfs ðqs Þ. The derivative of the inverse U s ðfs ðqs ÞÞ
can be computed as

1

0

U 1
s ðfs ðqs ÞÞ ¼

U 0s ðU 1
s ðfs ðqs ÞÞÞ

> 0:

With the inequality fs0 ðÞ < 0, we get G0s ðqs Þ < 0, for all
qs 2 Q s . Hence, Gs ðqs Þ is strictly monotone decreasing in
Q s , so its inverse G1
h
s ðxs Þ exists on X s .
2.2. Equilibrium structure and second order utility
optimization
We study the above model at equilibrium, i.e., we assume that rates and prices are at ﬁxed equilibrium values
~
x ; ~
y ; ~
p ; ~
q . In equilibrium, the sending rates satisfy:


umax
xs ¼ U 1
½fs ðqs Þusmin ¼ Gs ðqs Þ; s 2 S:
s
s

ð7Þ

Since qs represents the congestion in the path LðsÞ, the
sending rates will be decreasing at higher qs , and increasing at lower qs . Now we consider the inverse G1
s ðxs Þ of
the above function on the interval X s . Then, we construct
the second order utility F s ðxs Þ as the integral of G1
s ðxs Þ.
Hence, F s ðÞ has the following form and property:

F s ðxs Þ :¼

Z

1
0
G1
s ðxs Þdxs with F s ðxs Þ ¼ Gs ðxs Þ:

ð8Þ

Lemma 2. The second order utility F s ðxs Þ is a nonnegative,
continuous, strictly increasing, and strictly concave function
on the interval X s .
Proof. This follows directly from Lemma 1 and the
relation
0

F 00s ðxs Þ ¼ G1
s ðxs Þ ¼

1
< 0:
G0s ðqs Þ
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The construction of F s ðxs Þ leads to the following
property:
Lemma 3. The equilibrium rate (7) is the unique solution of
the optimization problem:

max F s ðxs Þ  qs xs :

ð9Þ

xs 2X s

Proof. The ﬁrst order necessary optimality conditions for a
solution xs of problem (9) are:

xs

8
if F 0s ð0Þ 6 qs ;
< 0;
max
if F 0s ðxmax
Þ P qs ;
¼ xs ;
s
: 1

U s ðfs ðqs ÞÞ; else:

¼

U 1
s


umax
½fs ðqs Þusmin
s

satisﬁes the above optimality conditions. Due to the strict
concavity of Fðxs Þ on X s , the second order sufﬁcient condition is also satisﬁed, completing the proof. h
2.3. Dual problem and stability
We interpret an equilibrium point as the unique solution of the following convex optimization problem:

max

xs 2X s ;s2S

X

F s ðxs Þ s:t: R~
x 6~
c:

ð10Þ

s2S

As we will show in the next section, the optimal solution to
(10) will ensure a general notion of utility fairness, which
includes utility max–min fairness in a limiting case. Problem (10) can be regarded as an artiﬁcial optimization problem leading to scalable distributed algorithms that are
utility fair in equilibrium. To solve (10) and its dual, we
use the dynamic dual link law (2).
To ensure stability in presence of communication delays we insert the second order utility in the dynamic
source law (3):





Remark 1. Our transformation of non-concave utility
functions into strictly concave second order utility functions leads to a concave utility maximization problem, see
(10). Thus, in order to achieve utility fairness in equilibrium, we can use any decentralized congestion control
framework that maximize concave network utility, see for
instance the many variants suggested in Srikant [10].

3. Utility proportional fairness

Then, it follows that the source law (7)

xs

F s ðxs Þ is bounded away from zero. This is actually ensured
by the conditions U 0s ðxs Þ 6 c2 and fs0 ðqs Þ 6 c3 , in Assumptions 1 and 2, respectively.



ss n_ s ¼ bs fs1 ðU s ðxs ÞÞ  qs ; xs ¼ xmax
exp ns 
s



a s qs
:
M s ss
ð11Þ

This ensures that the elasticity (gain) of the static demand
curve (6) does not affect the stability. At low gains
G0s ðqs Þ 6 m, for some small m, the static source law given
in (6) would be sufﬁcient to achieve stability; at high gains
G0s ðqs Þ > m, the dynamic in n_ forces the aggressive source to
slow down in order to maintain stability.
We conclude this section by recalling a stability result
of the dual algorithm (2) combined with the dynamic
source law (11) due to [12].
Theorem 1. Assume the routing matrix R is nonsingular and
.
the round-trip-times are bounded, i.e. for every s: ss 6 s
Consider the source law (11). At equilibrium, the system will
satisfy the desired demand curve (6). Furthermore, for bs
small enough and as < p2 the dual algorithm (2) in combination with (11) is locally stable.
Note that for proving this result with techniques presented in [12], it is required that the second derivative of

After we have established local stability of the distributed algorithms (2) and (11), we will characterize in this
section the fairness conditions of the equilibrium. Before
we come to our new fairness deﬁnition, we restate the concept of utility max–min fairness. It is simply the translation
of the well-known bandwidth max–min fairness applied to
utility values.
Deﬁnition 1. A rate vector ~
x is said to be utility max–min
fair, if it is feasible, and for any other feasible rate vector ~
y,
the following condition hold: if U s ðys Þ > U s ðxs Þ for some
s 2 S, then there exists k 2 S such that U k ðyk Þ < U k ðxk Þ and
U k ðxk Þ 6 U s ðxs Þ.
Suppose we have a utility max–min fair rate allocation.
Then, a user cannot increase its utility, without decreasing
the utility of another user, who already receives a smaller
utility. We now apply the above deﬁnition to a utility allocation of a single path.
Deﬁnition 2. Consider a single path in the network
denoted by a set of links ðl 2 Lp Þ. Assume a set of users
SLp  S share this path, i.e. LðsÞ ¼ Lp for s 2 SLp . Then, the
rate vector ~
x is said to be path utility max–min fair if the
rate allocation xs ; s 2 SLp on every path Lp is utility max–
min fair.
Note that the deﬁnition of path utility max–min fairness does not imply that every user using the same path
Lp receives the same utility. Instead, it is possible that some
users are already at their maximum rate receiving lower
utility than others.
Now we come to our proposed new fairness criterion,
based on the second order utility optimization framework.
Deﬁnition 3. Assume, all second order utilities F s ðÞ are of
the form (8). A rate vector ~
x is called utility proportional fair
if for any other feasible rate vector ~
y the following
optimality condition is satisﬁed:

X

F 0s ðxs Þðys  xs Þ ¼

s2S

X

G1
s ðxs Þðys  xs Þ

s2S

¼

X

fs1 ðU s ðxs ÞÞðys  xs Þ 6 0:

ð12Þ

s2S

The above inequality is known as a type of variational
inequality. It ensures, that any proportional utility fair rate
vector will solve the optimization problem (10) and vice
versa.

2952

T. Harks, T. Poschwatta / Computer Networks 52 (2008) 2947–2960

Lemma 4. A rate vector ~
x is utility proportional fair if and
only if it solves problem (10).
The proof simply uses the characterization of solutions
of the convex problem (10) via the variational inequality
(12). Using the above lemma, we can show that a utility
proportional fair rate vector always exists and is unique.
Theorem 2. A utility proportional fair rate vector always
exists and is uniquely determined.
Proof. Lemma 4 shows that every utility proportional fair
rate vector solves problem (10). Since the objective function for (10) is continuous and the set of feasible rate vectors is compact, there exists an optimal solution.
Furthermore, using Lemma (2), the objective function is
strictly concave, thus, the optimal solution is unique. h
Remark 2. Problem (10) qualitatively falls into the class of
well studied network utility maximization problems, see
[1–4,24,25]. In particular, it follows that the solution vector
~
x is Pareto1 efﬁcient, see Tang et al. [28]. Additionally, it can
~ is also Pareto efﬁcient.
be shown that the vector of utilities U
This is implied by the strict monotonicity of feasible utility
functions.
If we assume that all users have the same transformation function, that is, f ðÞ ¼ fs ðÞ for all s 2 S, then we have
the following properties of a utility proportional fair rate
allocation, which are proven in Appendix A. Note that the
case of a common transformation function for all users is
of independent interest as it allows to communicate the
feedback value f ðqÞ by routers. Thus, the only private information of end users is their utility function.
Theorem 3. Suppose that all users have a common transformation function f ðÞ and all second order utility functions
are deﬁned by (8). Let the rate vector ~
x be proportional utility
fair, i.e. the unique solution of (10). Then the following
properties hold:
(i) The rate vector ~
x is path utility max–min fair.
(ii) If qs1 2 Q s1 ; qs2 2 Q s2 and qs1 6 qs2 for sources s1 ; s2 ,
then U s1 ðxs1 Þ P U s2 ðxs2 Þ.
(iii) If source s1 uses a subset of links that s2 uses, i.e.
Lðs1 Þ  Lðs2 Þ, and U s1 ðxs1 Þ < umax
s1 , then U s1 ðxs1 Þ P
U s2 ðxs2 Þ.
It is a well-known property of the concept of proportional fairness that ﬂows traversing a route receive a lower
share of available resources than ﬂows traversing a part of
this route provided all utilities are equal. The rationale behind this is that ﬂows using less resources should be favored to increase the total utility. Transferring this
observation to utility proportional fairness, we get a similar result. Flows traversing several links receive less utility
compared to shorter ﬂows, provided a common transformation function is used. If this feature is undesirable, since
1
A rate vector ~
x is called Pareto efﬁcient with respect to received rates
(utilities) if no other feasible rate vector ~
y exists such that
yi > xi ðU i ðyi Þ > U i ðxi ÞÞ for some i 2 S and yj P xj ðU j ðyj Þ P U j ðxj ÞÞ for all
j 2 S=fig.

the path a ﬂow takes is chosen by the routing protocol and
beyond the reach of the single user, the second order utilities can be modiﬁed to compensate this effect. We show
that an appropriate choice of the transformation functions
fs ðÞ will assure a utility max–min bandwidth allocation in
equilibrium.
Theorem 4. Suppose all users have the same parameter
1
dependent transformation function fs ðqs ; jÞ ¼ qs j ; s 2 S;
j > 0. The second order utilities F s ðxs ; jÞ; s 2 S are deﬁned
by (8). Let the sequence of rate vectors ~
xðjÞ ¼ ðxs ðjÞ 2
X s ; s 2 SÞ be utility proportional fair. Then ~
xðjÞ approaches
the utility max–min fair rate allocation as j ! 1.
The proof of this theorem can be found in Appendix B.
4. Efﬁciency of utility fair resource allocations
Utility fair resource allocations ensure that an application speciﬁc performance measure, that is, the utility of received bandwidth, is shared fairly among sources. Our
primary goal was to achieve this fairness requirement
through distributed and stable congestion control algorithms. From the perspective of a system designer, however, one might be interested in quantifying how much
utility is lost due to a fair allocation of utilities.
A degradation of system utility caused by different resource allocation goals have been analyzed before in many
variants. A prominent example is the selﬁsh behavior of
users, who construct a solution such that their individual
utility rather than social welfare is maximized, see Johari
and Tsitsiklis [29] and the book by Roughgarden [30].
These works study the price of anarchy, which quantiﬁes
the sub-optimality of Nash equilibria compared to system
optimal solutions. We are aware of few works that study
the efﬁciency of suboptimal but fair solutions. Tang et al.
[28,31] study the efﬁciency of heterogeneous transport
protocols with respect to optimal solutions maximizing
utility. They characterize the tradeoff between bandwidth
fairness and throughput. None of these works, however,
investigate the efﬁciency of utility fair solutions. Note that
in contrast to the above mentioned works, the system optimum (solution of problem (1)) in our case is the solution to
a non-convex program, which is known to be NP-hard in
general. It is widely accepted that non-convex programs,
unless they exhibit certain structures, are intractable in
the sense that it is unlikely (unless P ¼ NP) to ﬁnd even
efﬁcient approximation algorithms, see Vavasis [32] and
Bellare and Rogaway [33] for a survey on the complexity
of non-convex programming.
We study in this section the efﬁciency of utility fair resource allocations with respect to maximum system utility
as deﬁned in (1). In the following, we refer to an optimal
solution of (1) as the system optimum. For a given tuple
~ and vector of transI ¼ ðN; RÞ, vector of utility functions U,
~~
formation functions ~
f , we call the triple ðU;
f ; IÞ an instance
of a utility proportional fair resource allocation. Recall that
I characterizes the network, capacities, and the routes for a
given set of sources.
~~
Deﬁnition 4. We are given an instance ðU;
f ; IÞ. Let ~
x be the
~
system optimal rate vector and x be the vector of utility
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proportional fair sending rates, see Deﬁnition 3. We deﬁne
~~
the efﬁciency of ~
x with respect to ~
x for ðU;
f ; IÞ as

P

U s ðxs Þ
:

U
s2S s ðxs Þ

~~
qðU;
f ; IÞ :¼ Ps2S

Furthermore, we deﬁne the efﬁciency for given classes
U; F, and I as

~~
qðU; F; IÞ :¼ inf inf inf qðU;
f ; IÞ:
~
~
U2U
f 2F I2I

~~
Note that the values qðU;
f ; IÞ and qðU; F; IÞ are well
deﬁned as the solutions ~
x and ~
x to problems (10) and (1)
P
P


exist and
s2S U s ðxs Þ > 0. The case
s2S U s ðxs Þ ¼ 0 can be
excluded since it implies ~
x ¼ 0 for every feasible rate
~~
vector. By deﬁnition, we have qðU;
f ; IÞ 2 ½0; 1, where
~
~
qðU; f ; IÞ ¼ 1 corresponds to full efﬁciency and
~~
qðU;
f ; IÞ ¼ 0 to zero efﬁciency. We deﬁne the efﬁciency
loss (or price of fairness) for given classes U; F, and I by
1=qðU; F; IÞ if qðU; F; IÞ > 0 and 1, otherwise.
We ﬁrst show that the price of fairness can be arbitrarily large for unrestricted classes U and F.
Proposition 1. For general classes U and F satisfying
Assumptions 1 and 2 the price of fairness is unbounded, i.e.
qðU; F; IÞ ¼ 0, even for single link networks.

Before we present our main result in this section, we
brieﬂy comment on the above construction. In contrast to
~~
qðU;
f ; IÞ the value xðU; f ; cðIÞÞ is deﬁned for a single utility
and transformation function, respectively. Furthermore,
we restricted the feasible rates in the calculation of
xðU; f ; cðIÞÞ by cðIÞ. This is certainly a rough restriction, as
the equation x ¼ cðIÞ cannot hold for all rates simultaneously. The striking advantage of this relaxation, however, is that we can reduce the calculation of xðU; f ; cðIÞÞ
to minimizing a real-valued functions on a simple interval.
Furthermore, the objective becomes separable in the rates,
utility, and transformation functions.
It is easy to verify that xðU; f ; cðIÞÞ 2 ð1; 1. The following theorem provides a lower bound on the price of
fairness.
Theorem 5. For given classes U; F, and I, the efﬁciency

qðU; F; IÞ of a utility proportional fair rate vector is bounded
from below by xðU; F; cðIÞÞ.
~~
Proof. We are given an arbitrary instance ðU;
f ; IÞ with
U 2 U; F 2 F, and I 2 I. Let ~
x denote the system optimal
rate vector. We start with the system utility of the utility
proportional fair rate vector ~
x:

X

U s ðxs Þ P

s2S

Proof. Consider an instance with a single link of capacity c
and two linear utility functions U 1 ðx1 Þ ¼ 1n x1 ; n 2 N and
U 2 ðx2 Þ ¼ x2 . Then, the system optimal solution is
~
x ¼ ð0; cÞ with objective value c. Since we consider a single
link, Theorem 3 implies that a utility proportional fair solution is also utility max–min fair. The corresponding rate

c=n
2c=n
c
vector is given by ~
x ¼ 1=nþ1
with total utility 1=nþ1
; 1=nþ1
.

2c=n
Letting n tend to inﬁnity we have 1=nþ1 =c ! 0. Deﬁning
U ¼ faz : a 2 ½1=n; 1; n 2 Ng we have inf U2U qðU; F; IÞ ¼ 0
proving the claim. h
4.1. Efﬁciency loss for restricted utility and transformation
functions
If the classes U and F are restricted, however, we can
derive bounds on the efﬁciency loss of a utility proportional fair resource allocation. In the following, we present
a generic technique to obtain a lower bound on the efﬁciency, which depends on the classes U and F. For the tuple I ¼ ðN; RÞ, we deﬁne by cðIÞ :¼ maxfcl ; l 2 Lg > 0 the
maximum of all link capacities of the given network
N ¼ ðV; L; cÞ. The value cðIÞ > 0 is deﬁned as the maximum
cðIÞ; I 2 I.
To this end, for a ﬁxed utility function UðxÞ, transformation function f ðzÞ, and capacity cðIÞ > 0, we deﬁne the following real-valued parameter:

xðU; f ; cðIÞÞ ¼

inf


06x;x 6cðIÞ

UðxÞ þ f 1 ðUðxÞÞðx  xÞ
:
Uðx Þ

Furthermore, we deﬁne

xðU; F; cðIÞÞ ¼ inf inf inf xðU; f ; cðIÞÞ:
U2U f 2F I2I

ð13Þ

¼
P

X

s2S
X

s2S
X

U s ðxs Þ

X

fs1 ðU s ðxs ÞÞðxs  xs Þ
s2S

þ fs1 ðU s ðxs ÞÞðxs  xs Þ

U s ðxs Þ þ

xðU s ; fs ; cðIÞÞU s ðxs Þ

s2S

PxðU; F; cðIÞÞ

X

U s ðxs Þ:

s2S

The ﬁrst inequality follows from (12), where we set ys ¼ xs .
The second and third inequality follow from the deﬁnition
of xðU; f ; cðIÞÞ and xðU; F; cðIÞÞ, respectively. h
Whenever xðU; F; cðIÞÞ 6 0, Theorem 5 does not yield
an approximation guarantee. In fact, as we have seen from
Proposition 1, the value xðU; F; cðIÞÞ is 0 (or even smaller) for general classes U and F. If the classes U; F, and
I are restricted, however, it is possible to derive an
approximation guarantee of xðU; F; cðIÞÞ > 0.
Theorem 5 can be used with respect to three aspects:
~~
(1) for a given instance ðU;
f ; IÞ, the question of deriving an upper bound on the efﬁciency loss boils down
to minimizing a single real-valued function
xðU s ; fs ; cðIÞÞ for all s 2 S;
(2) the behavior of xðU; F; cðIÞÞ can be used to design
the set of utility and transformation functions U
and F so as to achieve a certain level of efﬁciency;
(3) any set F having xðU; F; cðIÞÞ > 0 induces a polynomial-time approximation algorithm for the NPhard problem (1) with approximation guarantee
1=xðU; F; cðIÞÞ.
Before we explicitly calculate bounds on the efﬁciency
loss for restricted classes of utility functions, we comment
on the limitations of our approach.
Remark 3. Bellare and Rogaway [33] showed that even for
simple quadratic programming problems with linear
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constraints, there exists no polynomial-time l-approximation algorithm and l 2 ð0; 1Þ, unless P ¼ NP. As a utility
proportional fair solution can be computed in polynomial
time (see the convex problem (10)) it is unlikely that one
can prove an approximation guarantee of l 2 ð0; 1Þ even
when the objective function in (1) is restricted to quadratic
polynomials.
4.2. Linear, concave, and bounded non-concave utility
functions

1
by gðb; 0; cðIÞÞ ¼ bcðIÞ
proving the ﬁrst claim. The assumption
cðIÞ P 2 was made for simplifying the analysis.

Note that the lower bound in Corollary 1 holds for arbitrary networks and number of users. We do not know if the
1
lower bound of bcðIÞ
is tight. We now present a tight result
for single link networks, where we allow for non-concave
utility functions contained in a sector, which is enclosed
by linear utility functions, see Fig. 2 for an illustration.
Proposition 2. The set of utility functions is given by

U ¼ fU : UðxÞ 2 ½ax; bx; for all x 2 ½0; cðIÞ;
In light of Remark 3, we will make several simplifying
assumptions. We will analyze the efﬁciency loss of utility
proportional fair rate vectors, when utility functions are
linear, concave, or contained in a sector whose boundaries
are given by linear functions. These cases are of interest,
when the number of elastic trafﬁc sources is large and only
a few inelastic applications are present, or, when the nonlinearity of utility functions is bounded. We will quantify
in the following, to which extend our fairness criterion impacts overall utility.
Corollary 1 (of Theorem 5). Assume F ¼ ff : f ðzÞ ¼ 1z  1g
represents the class of transformation functions. The set of
utility functions is given by U ¼ fU : UðxÞ ¼ ax; a 2 ½1; b;
b 2 ½1; 1Þg and let cðIÞ P 2. Then, the efﬁciency is at
least

qðF; U; cðIÞÞ P

1
:
bcðIÞ

~~
Proof. We are given an arbitrary instance ðU;
f ; IÞ with
U 2 U; F 2 F, and I 2 I. Since the transformation function
1
is given by f ðzÞ ¼ 1z  1, we have for its inverse f 1 ðuÞ ¼ uþ1
.
Then, applying the deﬁnition of xðU; f ; cðIÞÞ and
xðU; F; cðIÞÞ yields

xðU; F; cðIÞÞ ¼

inf
0 6 x; y 6 cðIÞ

1
ax þ axþ1
ðy  xÞ
ay

16a6b
¼

x
yx
inf
þ
:
y
ðax
þ 1Þay
0 6 x; y 6 cðIÞ
16a6b

yx
Let us deﬁne the function gða; x; yÞ ¼ yx þ ðaxþ1Þay
, which we
want to minimize. To solve the minimum, we ﬁrst evaluate
ogða;x;yÞ
oy


2

xþa1Þ
¼  xða
. Since a P 1, we have
ðaxþ1Þay2

ogða;x;yÞ
oy

a 2 ½0; b; and b 2 ð0; 1Þg:
Let I be a class of single link networks.
qðF; U; cðIÞÞ P ba. Furthermore, this bound is tight.

Then,

Proof. Let ~
x denote the system optimum and let ~
x denote
the utility proportional fair rate vector for an instance
~~
ðU;
f ; IÞ satisfying the above conditions. Without loss of
generality, we can assume xmax
P cðIÞ for all s 2 S. First
s
we derive a lower bound on the overall utility of the sys
tem optimum ~
x . Using U s ðxs Þ 6 bxs for all xs 2 ½0; cðIÞ;
P

s 2 S, we have
s2S U s ðxs Þ 6 bcðIÞ. Conversely, we know
that U s ðxs Þ P axs for all xs 2 ½0; cðIÞ; s 2 S. This together
P
with xmax
P cðIÞ implies
s
s2S U s ðxs Þ P acðIÞ proving the
lower bound.
For proving the upper bound, we consider a single link
of capacity cðIÞ and n þ 1 sources having utility functions
Uðxi Þ ¼ axi ; i ¼ 1; . . . ; n and Uðxnþ1 Þ ¼ bxnþ1 . We assume
that every user has the same transformation function.
Thus, Theorem 3 implies that the resulting utility proportional fair rate allocation is utility max–min fair. Assuming
that xmax
P cðIÞ for all s 2 S, we know that every user
s
receives the same utility. The utility max–min fair rate

cðIÞ
cðIÞ
acðIÞ
. The total
vector is given by ~
x ¼ a=bþn
; . . . ; a=bþn
; aþbn
utility evaluates to

ncðIÞ
a=bþn
~

þ bacðIÞ
! acðIÞ for n ! 1. The
aþbn

optimal rate vector is x ¼ ð0; . . . ; 0; cðIÞÞ with total utility
bcðIÞ proving the second claim. h
Corollary 2 (of Theorem 5). Assume the classes U; F, and I
satisfy

kU 0 ðxÞ 6 f 1 ðUðxÞÞ 6 U 0 ðxÞ

6 0, imply-

ing y ¼ cðIÞ. The function gða; x; cðIÞÞ is given by

gða; x; cðIÞÞ ¼

x
cðIÞ  x
þ
:
cðIÞ ðax þ 1ÞacðIÞ

This function is strictly convex with respect to x, having its
global minimum at

"
x ¼

acðIÞ þ

pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ#þ
acðIÞ þ a2 cðIÞ
:
a2

pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
Using cðIÞ P 2 implies cðIÞ P 2cðIÞ. Thus, the positive

projection is active, i.e., x ¼ 0. Inserting this solution we
1
arrive at gða; 0; cðIÞÞ ¼ acðIÞ
. This function is strictly decreasing with respect to a, hence, the global minimum is given

Fig. 2. Illustration of the sector of feasible utility functions in
Proposition 2.
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for all x 6 cðIÞ; 0 6 k 6 1, for all U 2 U; f 2 F; I 2 I. If additionally U is a class of concave utility functions, then, the efﬁciency is bounded from below by k.
Proof. We prove the theorem by analyzing the parameter
xðU; f ; cðIÞÞ for U 2 U; f 2 F, and I 2 I.

xðU; f ; cðIÞÞ ¼

inf

UðxÞ þ f

06;x;y6cðIÞ

1

ðUðxÞÞðy  xÞ
:
UðyÞ

First, assume x P y. In this case, using f 1 ðUðxÞÞ 6 U 0 ðxÞ we
have

UðxÞ þ f 1 ðUðxÞÞðy  xÞ
UðxÞ þ U 0 ðxÞðy  xÞ
P
:
UðyÞ
UðyÞ
Concavity of UðÞ implies UðxÞ þ U 0 ðxÞðy  xÞ P UðyÞ, hence
xðU; f ; cðIÞÞ P 1. Now, assuming x < y implies:

UðxÞ þ f 1 ðUðxÞÞðy  xÞ
UðxÞ þ kU 0 ðxÞðy  xÞ
P
:
UðyÞ
UðyÞ
Then, using again concavity of UðÞ and 0 6 k 6 1 we have

UðxÞ þ kU 0 ðxÞðy  xÞ
UðxÞ þ kðUðyÞ  UðxÞÞ
P
P k:
UðyÞ
UðyÞ



Fig. 3 illustrates the feasible set F of transformation
functions such that the function f 1 ðUðxÞÞ stays in the corridor between U 0 ðxÞ and kU 0 ðxÞ for some k 2 ð0; 1Þ.
In the following, we present conditions implying full
efﬁciency of a utility proportional fair rate vector. For the
next result, we require a condition on the transformation
functions, which in turn implies the standard necessary
(and sufﬁcient) optimality condition for the concave utility
maximization problem.
~~
~ is
Proposition 3. We are given an instance ðU;
f ; IÞ, where U
a vector of strictly concave utility functions. The utility
~~
proportional fair rate vector ~
x for the instance ðU;
f ; IÞ has
~
~
qðU; f ; IÞ ¼ 1 if

fs1 ðU s ðxs ÞÞ ¼ U 0s ðxs Þ; for all s 2 S:

ð14Þ

Proof. Suppose that ~
x is utility proportional fair. Thus, by
Deﬁnition 3 the rate vector ~
x satisﬁes:

X

fs1 ðU s ðxs ÞÞðys

X

U 0s ðxs Þðys  xs Þ 6 0;

s2S

for any feasible ~
y, proving that ~
x is an optimal solution to
(1). h
Alternatively, it is possible to prove this proposition by
analyzing the parameter xðU; F; cðIÞÞ. We present a simple example for this result. Consider the utility function
pﬃﬃﬃ
UðxÞ ¼ x and consider the transformation function
 pﬃﬃﬃ
f ðzÞ ¼ 1=ð2zÞ. Then, we have U 0 ðxÞ ¼ 1= 2 x ¼ f 1 ðUðxÞÞ.
Thus, if all utility functions and transformation functions
are of the above form, a utility proportional fair rate vector
is fully efﬁcient.
5. Fair utility functions
Traditionally, a bandwidth allocation is considered fair
if ﬂows get (approximately) equal shares of the available
bandwidth, i.e. xi  xj ; i; j 2 S. In utility fair networks, this
relation holds for utilities, i.e. U i ðxi Þ  U j ðxj Þ. Equalizing
utility does not imply that bandwidth is shared equally.
In fact, inelastic applications, such as VoIP trafﬁc, are not
able to adapt the sending rate with arbitrary granulation.
It is reasonable, however, to investigate bandwidth fairness over a time period assuming that the state of congestion varies over time. In this regard, we introduce the
notion of long-term bandwidth fairness in utility fair networks. We model the change of congestion over time by
a probability distribution of the available utility f ðqÞ. To assess long-term bandwidth fairness of utility functions we
say that two utility functions U 1 ðx1 Þ and U 2 ðx2 Þ are bandwidth fair with respect to a probability distribution of
the available utility f1;2 ðqÞ, if the expected bandwidth allocations are equal, i.e. E½x1  ¼ E½x2 . In the following, we
assume that the available utility is uniformly distributed.
Then, we can deﬁne the following fairness measure to
compare different utility functions:
Deﬁnition 5. The fairness measure ds ðU s ; XÞ on the interval
X ¼ ½xmin ; xmax  is deﬁned as

ds ðU s ; XÞ :¼

Z
X\X s

 xs Þ 6 0;

s2S

for any feasible rate vector ~
y. Using assumption (14), we
have

U s ðxs Þdxs þ

Z

xmax

minfxmax ;xmax
g
s

umax dxs :

ð15Þ

If ds ðU s ; XÞ ¼ r; r > 0, then, U s ðxs Þ is said to be r-fair in X.
See Fig. 4 for a graphical depiction of the terms in this
deﬁnition. This measure implies a fairness metric for utility
functions: an application/user s0 with fairness measure
ds0 ðU s0 ; XÞ < ds ðU s ; XÞ for its utility function will get on average more bandwidth on the interval X than user s. In the
following Theorem, we formalize this relation.
Theorem 5. Suppose, two users s ¼ 1; 2 use the path Lp
through the network. and their utility functions are r1 and r2 fair on the interval X ¼ ½xmin ; xmax . Assume the path price q
on Lp varies in the interval ½qmin ; qmax , so that the available
utility fs ðqÞ; s ¼ 1; 2, is uniformly distributed on the interval
½umin ; umax . Then, the following conditions hold:

Fig. 3. Illustration of the classes F of feasible transformation functions
for a given utility function UðxÞ. The gray shaded area corresponds to the
feasible space for f 1 ðUðxÞÞ.

(1) If r1 ¼ r2 , then, E½x1  ¼ E½x2 .
(2) If r1 6 r 2 , then, we have E½x1  P E½x2 .

2956

T. Harks, T. Poschwatta / Computer Networks 52 (2008) 2947–2960

u

S3

max
max
s

u

.
.
.

U (x )

utility

s

D3
10Mbit/s

s

B

.
.
.

C

Sn

δ (U ,X)
s

A

5Mbit/s

s

Dn
S1

umin

S2

D1

D2

s

umin

xmin xmin

rate

s

x

max
s

Fig. 5. Network topology.
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Fig. 4. Fairness measure ds ðU s ; XÞ.

Proof. Since fs ðqs Þ; s ¼ 1; 2, are uniformly distributed on
½umin ; umax , the corresponding probability density functions
1
are given by umax u
. Using (6), the expected bandwidth
min
share for user 1 on the interval ½umin ; umax  is given as

E½x1  ¼

Z

umax

xmax

1
½U 1
1 ðsÞxmin
1

umin

umax  umin

ds;

where s represents the realization of the available utility.
Due to symmetry, we have:

E½x1  ¼

Z

h
umax

umin

U 1
1 ð

sÞ

ixmax

Fig. 6. Utility functions used for the simulations.

1

xmin
1

umax  umin

ds;

¼ ðxmax  xmin Þðumax  umin Þ  r1 ;
¼ ðxmax  xmin Þðumax  umin Þ  r2 ;
¼ E½x2 :
Using r 1 6 r 2 , we immediately get E½x1  P E½x2 .
The above Theorem allows us to give an alternative definition of traditional TCP-friendliness in the context of utility fair networks. As shown in [3], it is possible to reverse
engineer the underlying utility functions of TCP. In our
alternative deﬁnition, we consider a real-time application
to be TCP-friendly over a certain bandwidth interval, if
the corresponding utility function has the same fairness
measure as the underlying TCP utility function. The interpretation is different from the original TCP-friendliness
paradigm though. Due to its inelasticity, a real-time ﬂow
may not be able to adapt the sending rate with arbitrary
granularity (e.g. layered multimedia) and behave as
aggressive as TCP would. The alternative deﬁnition rather
indicates that an application with a TCP-fair utility function will get on average (light loaded network versus heavily loaded network) as much bandwidth as a TCP ﬂow
would. How this fairness metric can be used as the basis
for a pricing framework is shown in [23].
6. Simulation results
To demonstrate the effectiveness of our utility-based
congestion control approach we performed simulations
using the NS-2 network simulator [34] emphasizing on
adaptation of real-time ﬂows, prioritization and utility proportional fair bandwidth allocation.

Our senders are rate-based, i.e., packets are sent at
intervals of 1=xs seconds. We limit the changes of xs to
not increase by more than 1 and not decrease by more than
half in one round-trip-time to smooth sender behavior on
startup and when adapting to changing network load. Link
prices are accumulated in a double precision ﬂoating point
ﬁeld in the packet headers that receivers return to the
senders in acknowledgment packets. Data packets have a
ﬁxed size of 1500 bytes and receivers acknowledge every
data packet immediately.
Fig. 5 shows the network topology and Fig. 6 the bandwidth utility functions used in the simulations. There are
two elastic utility functions, U e and prioritized U p 2, and
one real-time utility function U r that models a video streaming application with three supported coding layers:
512 kbit=s ðcr;1 ¼ 43 ppsÞ; 1024 kbit=s ðcr;2 ¼ 84 ppsÞ,
and
1:5 Mbit=s ðcr;3 ¼ 125 ppsÞ.
All senders use the same transformation function
1
fs ðqs Þ ¼ qs j . The utility functions are given by

8
2
; 0 6 x < 63:5;
>
>
< 1þexpððx43ÞÞ
1:5
U r ðxÞ ¼ 1þexpððx84ÞÞ þ 2; 63:5 6 x < 104:5;
>
>
:
1
þ 2 þ 1:5; 104:5 6 x 6 130;
1þexpððx125ÞÞ
pﬃﬃﬃ
U e ðxÞ ¼ 0:4 x;
pﬃﬃﬃ
U p ðxÞ ¼ 0:15 x:

The results of four simulation setups are shown in Fig. 7a
and 7b.

2
For a given utility value, a prioritized ﬂow receives a larger bandwidth
share than competing non-prioritized ﬂows.
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Fig. 7. Simulation results.

Our ﬁrst simulation focuses on adaptation of a real-time
ﬂow when network load changes and on prioritization of
ﬂows. The four graphs in Fig. 7a and 7b show the sending
rate of one real-time ﬂow (using U r ), the rates of two elastic ﬂows (prioritized U p and non-prioritized U e ) and the
aggregated rates of additional background trafﬁc (up to
four elastic and two real-time ﬂows), which together yield
the total load shown in the fourth graph. Starting with the
highest encoding rate (125 pps), the real-time ﬂow
switches to lower rates as more ﬂows start after 40 and
60 s. Flows terminate after 140 and 160 s which allows
the real-time ﬂow to switch back to higher encoding rates.
The prioritized elastic ﬂow starts after 60 and ends after
140 s and receives a signiﬁcant higher bandwidth share,
although it receives the same utility as the other ﬂows.
In this setup, there are no short ﬂows using only the A–
B or B–C links and all senders have j ¼ 1.
The remaining three Fig. 8a, 8b and 8c show the effect of
an increasing j for j ¼ 1, 2 and 3 on the resulting bandwidth shares. Here, two short ﬂows using the A–B and B–
C links, respectively, compete with up to three long ﬂows
using the whole A–B–C path. As can be seen, the difference
in received utility between short and long ﬂows competing
for the same bottleneck link (B–C) decreases for increasing

values of j. Thus, these results demonstrate the convergence towards a utility max–min fair equilibrium for
increasing values of j as stated in Theorem 4.
7. Conclusion
We have obtained decentralized congestion control
laws at links and sources, which are locally stable and provide a utility proportional fair resource allocation in equilibrium. Our fairness criterion ensures that bandwidth
utility values of users (applications), rather than bit rates,
are proportional fair in equilibrium. In a limiting case of
our model, we incorporated utility max–min fairness for
all users sharing the network. We further investigated
the efﬁciency of utility fair resource allocation with respect
to maximum total utility. Finally, we developed a fairness
measure mapping the speciﬁc shape of a utility function
to a fairness value describing its expected bandwidth
consumption.
As an important open problem, we see the development
of globally stable congestion control algorithms for timevarying delays in combination with non-concave utility
functions. We refer to recent work of Harks and Miller
[19] as a ﬁrst promising step towards this goal.
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Fig. 8. Simulation results.

Appendix A

Using the equilibrium structure (5) for users s 2 SLp , we
can partition the set SLp into the sets

A.1. Proof of Theorem 3

Q 1 :¼ s 2 SLp jU s ðxs Þ ¼ umax
< f ðqp Þ ;
s

We prove that it is impossible to strictly increase the
utility U s ðys Þ > U s ðxs Þ for a user s 2 SLp without strictly
decreasing the utility U k ðyk Þ < U k ðxk Þ for some k 2 SLp ,
which is already smaller than U s ðxs Þ, that is, U k ðxk Þ 6
U s ðxs Þ. Using Deﬁnition 1 this would prove the claim.
First note that we cannot strictly increase the utility of a
user without strictly decreasing the utility of at least another user. To see this recall that the rate vector ~
x maximizes second order utility, which is a strictly increasing
function of the utility. To prove the theorem we have to
show that in order to strictly increase the utility of a user
we have to strictly decrease the utility of at least another
user, whose utility is already smaller.
Before we prove this, observe the following useful facts:

Q 2 :¼ s 2 SLp jU s ðxs Þ ¼ f ðqp Þ ;

U s ðxs Þ ¼ umin
) xs ¼ 0;
s

ð16Þ

U s ðxs Þ ¼ umax
) xs ¼ xmax
:
s
s

ð17Þ

Both facts follow from Assumption 1 and since utility functions are strictly increasing.

Q 3 :¼ s 2 SLp jU s ðxs Þ ¼ umin
> f ðqp Þ :
s
Then, we can see that for any users s1 2 Q 1 ; s2 2 Q 2 ; s3 2 Q 3
the following relation is valid:

U s1 ðxs1 Þ < U s2 ðxs2 Þ < U s3 ðxs3 Þ:

ð18Þ

We will show that (i.a) a strict increase of the utility of a
user in Q 3 results in a strict decrease of the utility of at
least one user in Q 1 [ Q 2 ; (i.b) a strict increase of the utility
of a user in Q 2 results in a strict decrease of the utility of at
least one user in Q 1 [ Q 2 . We do not have to consider the
case of strictly increasing the utility of a user s 2 Q 1 because U s ðxs Þ ¼ umax
for s 2 Q 1 .
s
Before we prove (i.a) and (i.b), we show how it implies
the claim. Condition (i.a) states that in order to strictly increase the utility of a user in Q 3 , we have to strictly decrease the utility of a user in Q 1 [ Q 2 . Using (18) we
know that the utility we have to strictly decrease is already
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smaller. Condition (i.b) states that in order to strictly increase the utility of a user in Q 2 , we have to strictly decrease the utility of a user in Q 1 [ Q 2 . If we have to
strictly decrease the utility of a user in Q 1 , then we can apply the same argument, see (18). If we have to strictly decrease the utility of a user in Q 2 , then, knowing that the
utility for all users in Q 2 is equal, we have to strictly
decrease the utility of another user in Q 2 , whose utility is
already smaller.
(i.a) Suppose we strictly increase U s ðxs Þ to U s ðys Þ > U s ðxs Þ
for some s 2 Q 3 . Since utility functions are strictly increasing and (16) implies xs ¼ 0 for all s 2 Q 3 we have to strictly
decrease at least one of the rates xs ; s 2 Q 1 [ Q 2 . If we
strictly decrease the rate xs for some s 2 Q 1 ((17) implies
xs ¼ xmax
for s 2 Q 1 ), we strictly decrease the utility U s ðxs Þ
s
because utility functions are strictly increasing in
X s ¼ ½0; xmax
. We are left with the case that we have to
s
strictly decrease at least one of the users in Q 2 . Note that
for a user in Q 2 we either have U s ðxs Þ ¼ umax
; U s ðxs Þ ¼ umin
,
s
s
max
or umin
<
U
ðx
Þ
¼
f
ðq
Þ
<
u
.
The
ﬁrst
case
U s ðxs Þ ¼ umax
s s
p
s
s
s
can be treated as before. The second case U s ðxs Þ ¼ umin
can
s
be omitted, since it implies xs ¼ 0, thus it is impossible to
decrease this rate. In the third case, we again use that utility
functions are strictly increasing in X s ¼ ½0; xmax
 implying
s
that we have to strictly decrease the utility of this user.
(i.b) Suppose we strictly increase U s ðxs Þ to
U s ðys Þ > U s ðxs Þ for some s 2 Q 2 . This implies that we have
to strictly decrease the rate of at least one user in
Q 1 [ Q 2 (note that for users in Q 3 we have xs ¼ 0). The
strict monotonicity of the utility functions implies that
we have to strictly reduce the utilities of at least one of
the users in Q 1 [ Q 2 .
To (ii): Assume qs1 2 Q s1 ; qs2 2 Q s2 and qs1 6 qs2 for
sources s1 ; s2 . Applying (5) to given qs1 ; qs2 , we have
f ðqs1 Þ ¼ U s1 ðxs1 Þ P f ðqs2 Þ ¼ U s2 ðxs2 Þ because of the monotonicity of f ðÞ.
To (iii): From Lðs1 Þ  Lðs2 Þ it follows, that qs1 6 qs2 . Since
the available utility f ðÞ is monotone decreasing in qs and
the bandwidth utility U s1 ðxs1 Þ < umax
of user s1 is not
s1
bounded by its maximum value, it follows, that f ðqs1 Þ ¼
umax
s

2
¼ U s2 ðxs2 Þ. h
U s1 ðxs1 Þ P ½f ðqs2 Þumin
s2

Appendix B

The proof now proceeds by contradiction and assuming
that the limit point ~
x is not utility max–min fair. Then,
the idea is to construct a feasible rate vector ~
y, which
receives higher second order utility than ~
x. This leads to a
contradiction to the fact that ~
x maximizes second order
utility, thus, proving the claim.
Assume that the limit point ~
x ¼ ðxs 2 X s ; s 2 SÞ is not
utility max–min fair. Then we can increase the bandwidth
utility of a user j while decreasing the utilities of other
users k 2 K which are larger than U j ðxj Þ. More formal, there
exists an index j, a set K  S n fjg, and a feasible rate vector
~
y with

ys ¼

xs ; if s 2 S=fK [ fjgg;
ys ; if s 2 K [ fjg;

such that U j ðyj Þ > U j ðxj Þ and U k ðyk Þ < U k ðxk Þ for all k 2 K,
with U k ðyk Þ > U j ðxj Þ. We can omit the case K ¼ ; since this
would imply that we can strictly increase second order
utility without decreasing any other rates. This contradicts
the fact that ~
x maximizes second order utility. Now, we
choose j0 so large that for all elements of the subsequence
~
xðjp Þ with jp > j0 the inequalities U j ðyj Þ > U j ðxj ðjp Þ and
U k ðyk Þ < U k ðxk ðjp ÞÞ with U k ðyk Þ > U j ðxj ðjp ÞÞ for k 2 K hold.
With the inequality U j ðxj ðjp ÞÞ < U k ðxk ðjp ÞÞ; k 2 K, we can
choose j1 > j0 large enough such that

U j ðxj ðjp ÞÞjp > C  U k ðxk ðjp ÞÞjp

holds for all k 2 K; jp > j1 , and C > 0 an arbitrary constant.
Hence, there exists a j1 large enough that the following
inequality holds:

U j ðxj ðjp ÞÞjp ðyj  xj ðjp ÞÞ>0
|ﬄﬄﬄﬄﬄﬄﬄﬄﬄ{zﬄﬄﬄﬄﬄﬄﬄﬄﬄ}
X
>
ðxk ðjp Þ  yk Þ>0 max U k ðxk ðjp ÞÞjp ;
|ﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ{zﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ} k2K
k2K

for all jp > j1 . We evaluate the variational inequality (12)
given in the deﬁnition of utility proportion fairness for the
candidate rate vector ~
y and jp > j1 .

X

F 0s ðxs ðjp ÞÞðys  xs ðjp ÞÞ ¼

s2S

X

U s ðxs ðjp ÞÞjp ðys  xs ðjp ÞÞ

s2S

¼ U j ðxj ðjp ÞÞjp ðyj  xj ðjp ÞÞ
X
þ
U k ðxk ðjp ÞÞjp ðyk  xk ðjp ÞÞ
P U j ðxj ðjp ÞÞjp ðyj  xj ðjp ÞÞ
X
 max U k ðxk ðjp ÞÞjp
ðxk ðjp Þ  yk Þ
k2K

Since all elements of the sequence ~
xðjÞ solve (10) subject to linear constraints, the sequence is bounded. Hence,
we ﬁnd a subsequence ~
xðjp Þ; p 2 Nþ , such that
limp!1~
x. We show, that this limit point ~
x is utility
xðjp Þ ¼ ~
max–min fair. The uniqueness of the utility max–min fair
rate vector ~
x will ensure that every limit point of ~
xðjÞ is
equal ~
x. This proves the convergence of ~
xðjÞ to ~
x. Since
all users s 2 S use the same transformation function
1
fs ðqs Þ ¼ qs j ; s 2 S, the second order utility and its derivative
applied to the rate vector ~
xðjÞ have the following form:

Z

ð20Þ

k2K

B.1. Proof of Theorem 4

F s ðxs ðjÞÞ ¼

ð19Þ

U s ðxs ðjÞÞj dxs ðjÞ with F 0s ðxs ðjÞÞ

¼ U s ðxs ðjÞÞj ; s 2 S:

k2K

> 0; using ð20Þ:
Hence, the variational inequality is not valid contradicting
the utility proportional fairness property of ~
xðjp Þ. h
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